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In condensed matter systems, there exist certain Hamiltonians whose phase diagrams include a critical point
known as the RK point. At this critical point, ground states of the system are given by equal amplitude super-
positions of states connected by local flipping moves. The Hamiltonian explored in this paper, which describes
the energetics on a triangular lattice with spin-1/2 degrees of freedom with a three-body interaction, is such a
Hamiltonian with a phase transition at an RK point. This system in particular is known to possess an exotic Pas-
cal’s triangle symmetry with periodic boundary conditions. I explore the behavior of this system at the RK-point
using exact diagonalization for small system sizes and using Markov-Chain Monte Carlo sampling to explore
the behavior of larger systems. Monte Carlo sampling is used to generate a subset of states connected by local
moves on these lattices and calculate correlation functions of interest for spins on varying sizes of lattice. I
use the simulation to calculate three-point correlations on downward triangles on the lattice at various system
sizes, as well as to calculate dimer-dimer correlations on the honeycomb lattice dual to the triangular lattice.
Additionally, I include a proof of a symmetry possessed by lattices of side lengths divisible by 3, which leads to
the vanishing of certain correlation functions on these lattices.

I. INTRODUCTION

A quintessential system of study in condensed matter the-
ory is a set of spin-1/2 particles bound to the sites of a lattice.
In addition to modelling a wide variety of physical materi-
als, these systems are of interest due to the variety of emer-
gent symmetries they may possess. Certain spin-1/2 systems
contain exotic fractal symmetries, where conserved charges
exist on fractal subsystems with non-integer dimension. Ad-
ditionally, some systems exhibit critical points with changes
in the overall symmetry by tuning parameters in the Hamilto-
nian of these systems. One notable type of critical point is the
Rokhsar-Kivelson (RK) point, at which the ground states of
a system are sets of equal amplitude superpositions of states
connected by local moves. In this paper I investigate a Hamil-
tonian possessing both fractal symmetry and an RK point.

A. Pascal’s Triangle Model

A system of recent interest is an array of spin-1/2 particles
bound to the sites of a two-dimensional triangular lattice. A
simple classical Hamiltonian (without quantum fluctuations)
on this lattice is

H = −K
∑
∇

σ1σ2σ3 (1)

with interactions of the Ising degrees of freedom on the lattice
sites of downward triangles on the lattice, as illustrated in fig-
ure 1. This type of model was originally conceived as a means
of investigating spin glasses [1], and contains three-spin in-
teractions over the lattice. Importantly, this model contains
a fractal symmetry. This is a consequence of the three-spin
interaction in the Hamiltonian; by flipping spins in a Sier-
pinski fractal, either two or zero spins are flipped on every

FIG. 1. A representation of the triangular lattice with Pascal’s trian-
gle symmetries. Spins interact on the sites of a downward triangle on
the lattice. This system contains a fractal symmetry, where spin 1/2
lattice sites can be flipped in the pattern of a Sierpinski fractal.

downward triangle, as illustrated in figure 1 [2]. As recently
discovered, this lattice in fact contains a more general U(1)
symmetry, with different symmetries for lattices with spin de-
grees of freedom of prime order [3]. These symmetries follow
the symmetries of Pascal’s triangle, modulo the spin degrees
of freedom. This underlying Pascal’s triangle symmetry reap-
pears on such triangular lattices with three-spin interactions as
appear in this paper.

B. Rohksar-Kivelson Points

The Rohksar-Kivelson (RK) critical point was first explored
by Rokhsar and Kivelson in the context of the quantum dimer
model [4]. This system consists of dimers which cover the
sites of a two dimensional square lattice. The Hamiltonian of
this system is

H =
∑
−t(|��⟩ ⟨��| + h.c.) + v(|��⟩ ⟨��| + |��⟩ ⟨

�
�|). (2)
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where the kets symbolize states with dimers on opposing sides
of squares on the lattice [5]. While the ground states cannot
be found exactly in general, they can be found when v = t,
where the Hamiltonian can be reexpressed as

H =
∑
−t(|��⟩ − |��⟩)(⟨��| − ⟨

�
�|) (3)

The ground states at this critical point are given by the equal
amplitude superposition of sets of states which can be reached
by local ”flip moves” on the lattice. In the case of the dimer
model, these moves are flipping the dimers on square plaque-
ttes with opposing dimers [5]. These ground states are similar
in form to partition function in classical statistical mechanics
because of the equal amplitude sum. However, generating the
component of states connected by local spin flips is a nontriv-
ial task.

C. Hamiltonian with an RK Point on the Triangular Lattice

To bring together the notions of the Pascal’s triangle model
with RK points, consider again the spin-1/2 degrees of free-
dom on the triangular lattice. This paper is built around the
Hamiltonian

H =t
∑
∇

[
|ϕ↑
∇
⟩ − |ϕ↓

∇
⟩
] [
⟨ϕ↑
∇
| − ⟨ϕ↓

∇
|
]
+

h
∑
∇

[
|ϕ↑
∇
⟩ ⟨ϕ↑

∇
| + |ϕ↓

∇
⟩ ⟨ϕ↓

∇
|
] (4)

where |ϕ↑
∇
⟩ = |↑1, ↑2, ↑3⟩ and |ϕ↓

∇
⟩ = |↓1, ↓2, ↓3⟩ for the three

lattice sites on a plaquette, and the sum runs over every down-
ward triangle on the lattice. We will fix t to be a positive con-
stant, while h is a tunable parameter. This Hamiltonian is built
of projection operators on plaquettes with spins all aligned,
which will be referred to as ”flippable.” If a plaquette is not
flippable, the projector corresponding to it for that configura-
tion will equal zero. As such, if h is positive, the ground states
of the Hamiltonian will be those where every plaquette is not
flippable. However, when h goes to zero, the Hamiltonian be-
comes

H = t
∑
∇

[
|ϕ↑
∇
⟩ − |ϕ↓

∇
⟩
] [
⟨ϕ↑
∇
| − ⟨ϕ↓

∇
|
]

(5)

which is the form of the Hamiltonian for an RK point. While
the ground states in the frozen configuration persist, a much
larger landscape of groundstates appears, corresponding the
superposition of sets of states connected by local flip moves.
For this system, the local flip move at the RK point is flipping
the spins on a downward triangle plaquette. It is the goal of
this paper to explore the nature of the RK point, understood
using these local flips. Assuming periodic boundary condi-
tions on the triangular lattice, the Hamiltonians for small sys-
tem sizes, such as the 3 × 3 and 4 × 4 lattices can be solved
exactly using exact diagonalization. However, larger lattices
have too large a Hilbert space of states to be solved exactly;
instead classical Monte Carlo methods can be used to charac-
terize these systems.

II. EXACT DIAGONALIZATION

A. Representing Lattice Configurations

In order to diagonalize this Hamiltonian, it is first neces-
sary to develop a consistent scheme for organizing the spin
states on the lattice. For a square lattice with periodic bound-
ary conditions of side length of n, there will be a total of n2

downward triangles on the lattice. Each plaquette corresponds
to a unique lattice site; we will use the lattice site at the top
left corner. The lattice sites can be enumerated as shown in
figure 2. Using this convention, the lattice sites on a given
downward plaquette i are given by

a = i (6)
b = (i mod (n) + 1) mod (n) + (i − i mod (n)) (7)

c = (b − n) mod (n2). (8)

These nearest neighbor relations can then be stored in an array
to be accessed at a later point. For n2 spin-1/2 particles on the
lattice, there are a total of 2n2

possible configurations of spins
on the lattice in the S z basis. For convenience, these states
can be enumerated by taking the numbering scheme shown in
figure 2 and assigning each lattice position a value of 1 if it
is spin-up and 0 if it is spin down. The S z basis states may
be enumerated by interpreting these values as binary numbers
and converting them to base 10 integers. For example, on the
2 × 2 lattice, the all-down state 0000 is assigned the number
0, and the all-up state 1111 is assigned the number 15.

B. Sparse Structure and Diagonalization Procedure

The size of the Hilbert space of spin states increases expo-
nentially with the number of lattice sites; as such, calculating
the full Hamiltonian is a cumbersome task even for small sys-
tem sizes. Fortunately, this particular Hamiltonian has a very
sparse structure, making it so that only nonzero values need
to be stored. I computed this Hamiltonian in Python using the
package scipy.sparse, storing the Hamiltonian as a CSR ma-
trix. Additionally, since the Hamiltonian is necessarily Her-

FIG. 2. 3 × 3 triangular lattice with periodic boundary conditions.
This figure shows the numbering scheme used to represent positions
on a given lattice. The lattice sites on any given plaquette i are given
by equations 6-8.
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mitian, only the upper triangular portion of the matrix must
be calculated directly. In the S z basis, each row and column
of the Hamiltonian corresponds to a spin state on the lattice;
these are enumerated according to the previous section. We
can interpret the projection operators constituting the Hamil-
tonian in equation 5 as follows: If the states of the row and
column are the same, the value of the matrix entry is the num-
ber of plaquettes on the lattice. If the states of the row and
column differ by a single plaquette flip, the matrix entry is as-
signed the value −1. Using this general scheme, the Hamilto-
nian can be built as a sparse matrix. The scipy.sparse package
can then be used to compute the eigenvalues and eigenvectors
of the matrix.

C. Ground States

By using this process, we are interested in computing the
groundstates at the RK point. Each ground state has an en-
ergy eigenvalue of 0 and is given by a vector where each is
non-zero entry corresponds to the set of states connected by
local flip moves. However, this basis of ground states will not
be given by the computational output due to the large ground
state degeneracy at the RK point combined the numerical pro-
cesses used to calculate eigenvectors. Nevertheless, the vec-
tors as interpreted using the RK point and the vectors calcu-
lated numerically will both be valid spanning sets for the space
of ground states. Accordingly, all of the computed vectors can
be composed into a basis of RK states. Since every RK basis
vector is an equal amplitude sum of spin states, we may sim-
ply iterate through the given ground state vectors and pick out
entries with equal values; once normalized these will form the
RK basis. We can check to see that the resultant set of vectors
from this process gives the correct number of ground states.
Every configuration of spins on the lattice will belong to one
and only RK component.

FIG. 3. Downward triangle tiling on 3k × 3k lattices. On the 3 × 3
lattice, the shown tiling scheme can tile the lattice with downward tri-
angles, meaning that every spin on the lattice can be flipped from up
to down. Due to the periodic boundary conditions, this tiling scheme
exists on all 3k × 3k lattices. For example, the 6 × 6 tiled lattice is
shown to the right.

III. THE ALL-UP COMPONENT ON 3k × 3k LATTICES

Interestingly, the triangular lattices with sidelengths of mul-
tiple three have a particular symmetry which elucidates some
of their unique properties. Denote the configuration on a lat-
tice with all spins oriented up as |C↑⟩. Recall that the ground
states at the RK point are given by the equal amplitude super-
position of configuration states connected by local flip moves,
i.e.

|Ω⟩ =
1
√

Ns

∑
i|Ω

|Ci⟩ (9)

Therefore, any state |Ci⟩ within the same component as |C↑⟩
can be reached by some sequence of plaquette flip operations∏

fz such that |Ci⟩ =
∏

fz |C↑⟩. However, on the 3 × 3 lattice,
there is an exact tiling of downward triangles, such that every
spin in the all-up component can be flipped exactly once. This
tiling of triangles is shown in figure 3. Moreover, because
of the periodic boundary conditions on the lattice, this tiling
scheme can be extended to any 3k × 3k lattice for k ∈ N.
This tiling demonstrates that for any such 3k×3k lattice, there
exists a sequence of downward plaquette flips

∏
fT on the

tiled downward triangles such that

|C↓⟩ =
∏

fT |↑⟩ (10)

where |C↓⟩ is the lattice configuration with all spins oriented
down. This fact implies that for any configuration |Ci⟩ in
the all-up component, the ”anti-configuration” |C′i ⟩ with ev-
ery spin reversed is also in the all-up component. To prove
this, the sequence of flip operations

∏
fz to reach |Ci⟩ reduces

to some product of spin flips on the all up lattice, which can
be expressed as

U =
∏

fz =
∏

k

σx
k . (11)

U corresponds to a valid sequence of plaquette flips on the
all-up configuration, so the same set of flips can be applied to
the all-down configuration. This operation will yield the exact
opposite spin configuration as |Ci⟩. Thus, every configuration
of spins |Ci⟩ in the all-up component of a 3k × 3k lattice will
be connected by spin flips to its spin reversal |C′i ⟩, where σi

n =

σ−i
n for all spins n on the lattice.
As a corollary, any correlation function consisting of the

product of an odd number of distinct Ising spins will go to zero
for the all-up component on a 3k × 3k lattice. This correlation
function can be expressed as

⟨

2n+1∏
j

σ j⟩ = ⟨Ω|σ1σ2 . . . σ2n+1 |Ω⟩ , (12)

where |Ω⟩ is the ground state associated with the all-up com-
ponent and all spins σ j are distinct. This can be expanded
with the knowledge that every state in the component also has
its spin reversal also in the component.

⟨

2n+1∏
j

σ j⟩ = ⟨Ω|σ1σ2 . . . σ2n+1

 1
2
√

Ns

∑
i|Ω

|Ci⟩ + |Ci′⟩

 (13)
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|C′i ⟩ has the opposite spin configuration as |Ci⟩, which implies
that

(
2n+1∏

j

σ j)(|Ci⟩ + |Ci′⟩) =σi
1σ

i
2 . . . σ

i
2n+1 |Ci⟩+

(−1)2n+1σi
1σ

i
2 . . . σ

i
2n+1 |Ci⟩ .

(14)

From here, the inner product will evaluate to zero, since
⟨Ω|Ci⟩ = ⟨Ω|Ci′⟩ = 1/

√
Ns. It is important to note that this

result only holds true for correlations on the all-up compo-
nent, only on 3k×3k lattices, and only for a product of an odd
number of spins. However, these correlation functions will
evaluate to zero regardless of where on the lattice the spins
are chosen from.

IV. MONTE CARLO SIMULATIONS

In order to gain information on larger lattices, it is imprac-
tical to attempt to attempt to deal with the Hamiltonian as a
whole. However, a Markov chain Monte Carlo simulation can
be used to sample states connected by local flips on the lattice.
The ground states at the RK point lend themselves to sim-
ple investigation through Monte Carlo techniques. Since the
ground states in question are an equal amplitude superposi-
tion of states, they are characteristically similar to the partition
function in classical statistical mechanics. As such, classical
Monte Carlo methods can be used to sample through these
connected states [6]. Using these simulations, we can measure
correlation functions of interest in order to obtain information
about the system.

A. Structure of the Monte Carlo Simulation

To begin, it is useful to analyze the component of states
beginning with the all-up lattice. This state is simplest to an-
alyze and most general because it is isotropic; there are no
”preferred directions” on states connected to the all-up state.
In turn, for any correlation function we wish to measure on the
lattice, we may average this over measurements on all down-
ward triangles without loss of generality. The initial state can
be stored as a vector where each element in the vector corre-
sponds to a spin on the lattice. As we run through the simula-
tion, at each time step we randomly choose a single plaquette.
If the three spins on this triangle corresponding to this pla-
quette are the same, we flip them, which is accomplished by
multiplying all three by −1. If the spins are not all in the same
orientation, we simply continue on to the next time step. It is
important that the simulation continues in the case of unsuc-
cessful flips in order to maintain detailed balance. Otherwise,
there would be biases towards certain states based on the num-
ber of flippable plaquettes; this would not sample correctly in
order to build an equal amplitude superposition.

Additionally, using the property proved in Section III, it is
possible to implement a global update for 3k × 3k lattices.
We can assign a separate random variable which, at any given
step, has some probability of choosing to perform a global

FIG. 4. Three-spin correlation with increasing lattice size. In the
thermodynamic limit, this correlation function tends towards zero.
For lattices of size 3k × 3k, the correlation is exactly zero.

update instead of a local update. When this occurs, the every
spin on the lattice is reversed, as is allowed on this specific
size of system. This is ideal because it allows us to move to
a disparate part of the network of states connected by local
moves, as opposed to plaquette flips, which move around this
network locally. This process allows for more ergodic sam-
pling of the network.

At given points in time, we can sample correlation func-
tions given by some set of spin orientations. In order to main-
tain ergodic sampling, one should not sample at every time
step in the simulation, but rather after some designated inter-
val of time τ. There will be less correlation between two given
states the longer the amount of time allotted between correla-
tion measurements.

B. Three-Spin Correlation Function

One of the simplest correlation functions to find on the lat-
tice is the correlation function of three spins on the site of a
downward triangle, written as

C3s = ⟨σ1σ2σ3⟩. (15)

While this refers to the three-spin correlation of a single pla-
quette, the isotropy of the all-up state means that this corre-
lation will be the same on all plaquettes in this RK ground
state. Accordingly, we can obtain more accurate results from
the Monte Carlo sampling by measuring this correlation over
all plaquettes and taking the average:

C3s =
1

N∇

∑
∇

⟨σ1σ2σ3⟩. (16)

We may compute this correlation function on various sizes of
lattice, as shown in figure 4.

The three-spin correlation function goes to zero at lattice
with side length 3k spins, as expected from the analytic results
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in Section III. Additionally, the results for small system sizes
match with those computable from exact diagonalization. In
general, as system size increases towards the thermodynamic
limit, the three-spin correlation tends towards zero.

C. Dimer-Dimer Correlations

On the triangular lattice, there exists a dual honeycomb lat-
tice, where the sides of each hexagonal element pass through
the bond between two spins on the triangular lattice (Myerson-
Jain et al 2022). We may assign dimers to links on the hon-
eycomb lattice corresponding to whether or not the two spins
they pass through are in the same orientation, as illustrated in
figure 5. For any dimer, we can assign the projection operator

PD =
1 + σ1σ2

2
(17)

which takes a value of 1 if the two spins are aligned and 0 if
not. It is of interest to measure the correlation function be-
tween two such dimer projections, as expressed by

⟨PiP j⟩ =

(
1 + σi1σi2

2

) (
1 + σ j1σ j2

2

)
(18)

and varying the relative positions of the two dimers across
the lattice. It is known that above the RK point, dimer-dimer
correlations decrease as a power law as dimers increase in
distance across the lattice. Additionally, dimer-dimer corre-
lations may vary depending on whether the dimers in ques-
tion are of aligned or unaligned orientation.. To investigate
this correlation function, I ran the Monte Carlo simulation
on a 60 × 60 lattice and once again measured and averaged
over all sites on the lattice. Due to periodic boundary condi-
tions, the maximum measurable distance in a given direction
is 30 lattice sites. The results for same and mixed orienta-
tion dimer-dimer correlations are shown in 6. As can be seen,
although there is a low correlation between any two dimers
at any distance, there is a persistent long range correlation be-
tween dimers that does not diminish at increasing distances on
the lattice. The difference in behavior of the correlation func-
tion between the RK point and frozen phase suggests that the
RK point of this Hamiltonian corresponds to a phase transi-
tion. This phase allows for long range correlations, as demon-
strated with dimer-dimer correlations. Intriguingly, this cor-

FIG. 5. Dimers on the dual honeycomb lattice. Under the most ba-
sic interpretation, there exists a dimer on every segment of the dual
lattice which passes through a segment connecting two aligned spins
on the triangular lattice.

FIG. 6. Dimer-Dimer Correlation on 60×60 lattice with same orien-
tation dimers. For the this plot, the connection term between the two
projection operators of 0.25 is subtracted. The inset image shows
how the dimers measured vary in space acros the lattice. Error bars
are generated from standard deviation across trials.

relation seems to break down at shorter distances on the lat-
tice. For same orientation dimers, the correlation is actually
less for dimers within one or two lattice sites than for further
separations. While it appears that on a large scale correlations
become uniform, local effects possess more non-trivial behav-
ior.

D. Trimers as Monomers

To further explore the nature of long and short range be-
havior of correlation functions on the lattice, we consider now
a different set of correlations corresponding to the dual hon-
eycomb lattice. For any given lattice site on the dual lattice,
there are two possibilites: either there is a single dimer at the
site or there are three dimers connected together, the latter we
can refer to as a ’trimer.’ When a trimer takes the shape ’�’,
this corresponds to a flippable downward triangle. For a given
trimer, we can define the projection operator

P� =

(
1 + σaσb

2

) (
1 + σaσc

2

) (
1 + σbσc

2

)
(19)

. using the three projection operators corresponding to the
constituent dimers. While the trimer/dimer representation is
worth consideration, it can be altered in order to gain more
insight into dimer-dimer correlations. For every lattice site on
the dual lattice that corresponds to a trimer, we may instead
represent it as a monomer on that lattice site, as illustrated in
figure 7. This alternate picture of the dual lattice gives us a
monomer-dimer covering corresponding to a spin configura-
tion on the lattice. We may thus alter our dimer-dimer cor-
relation function to exclude any dimers which form part of a
trimer, since in the new representation, these correspond to
monomers and thus would not have an associated trimer. This
is most easily implemented into the Monte Carlo simulation
by adding an additional condition which checks if neighbor-
ing spins are also aligned to the dimer. This added degree of
stringency can lead to greater insights into how dimer-dimer
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FIG. 7. Transitioning from trimers to monomers on the honeycomb
lattice. We replace each trimer on the lattice with a monomer, in-
dicated by a dot on the given lattice site. With this, we have a new
picture of the dual lattice with dimers and monomers corresponding
to each lattice pair of spins.

correlations vary with distance. It is worth noting that this
new correlation function reduces to equation 18 in the frozen
phase, since there are no aligned triangles in this phase.

Figure 8 gives the results of the Monte Carlo simulation
measuring this new dimer-dimer correlation with dimers vary-
ing in distance, for both aligned and unaligned dimers. These
are enlightening in showing a greater degree of spatial depen-
dence than was obvious from the earlier correlaiton. At long
distances, both aligned and unaligned dimer correlations con-
verge towards a constant value. However, at shorter distances,
the correlations diverge, becoming larger for unaligned dimers
and smaller for aligned dimers. While this is not necessarily
the same |r|−1 dependence expected in the frozen phase, this
observed spatial dependence may offer more insight into the
order of the RK point.

V. CONCLUSIONS

In this paper I have investigated the RK Point of a Hamil-
tonian on a triangular lattice with a fractal symmetry. This
Hamiltonian has a large ground state degeneracy, with each
ground state corresponding to a set of spins state on the lattice
connected by local plaquette flips. For small lattice sizes, I
have briefly laid out my process for constructing the Hamilto-
nian computationally and using exact diagonalization to solve
numerically for the set of ground states. Following this, I
proved the existence of a Z2 symmetry on the set of 3k × 3k
lattices, leading to the vanishing of certain correlation func-
tions on these lattices. I used Monte Carlo methods in order
to explore the RK point on larger lattices and obtain numeri-
cal results of correlation functions. Among these, I found that
dimer-dimer projections possess long range correlations at the
RK point, implying a the possibility of a phase transition at the
RK point.

Different types of correlation functions may be useful to
truly understand the order of this Hamiltonian’s RK point. In
particular, off-diagonal operators on regions of equilateral tri-
angles were explored as a possible route of inquiry. However,
the challenges posed by off diagonal operators were difficult
to rectify using Monte-Carlo methods, since these correlations
require analyzing and comparing many different states in the
ground state manifold. However, this path may prove to be

FIG. 8. Graphs showing the dimer-dimer correlation over distance
factoring in to disclude monomers from the correlation. The top plot
shows the correlation on aligned dimers, while the bottom plot shows
this for unaligned dimers. Error bars are generated from standard
deviation across trials.

fruitful in further exploration of this RK point if computa-
tional issues can be rectified.

We wish to eventually better understand the dynamics of
flippable triangles under this Hamiltonian. The manner in
which these flippable triangles are able to move about the lat-
tice is not completely understood, and more work is needed to
better describe this. Further, the ground states of this Hamil-
tonian beyond the RK point, where h and t have opposite sign
in equation 4, are still not well understood. While this investi-
gation into the RK point may hint at a different phase beyond
this point, more concrete results are needed. In total, fractal
symmetries in condensed matter systems are a new frontier of
exploration and could exhibit many yet unknown exotic prop-
erties. This work lays the groundwork for the exploration of
a Hamiltonian which could lead to novel insights into the be-
havior of these systems.
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